Different aspects of the Verlinde and Verlinde relation between high-energy effective scattering in QCD and a two-dimensional sigma-model are discussed. Starting from a lattice version of the truncated 4-dimensional Yang-Mills action we derive an effective theory with non-trivial longitudinal dynamics which has a form of the lattice two-dimensional chiral field model with non-trivial boundary conditions. To get quantum corrections coming from non-trivial longitudinal dynamics to transversal high-energy effective action one has to solve the twodimensional chiral field model with non-trivial boundary conditions. We do this within an approximation scheme which takes into account one-dimensional excitations. Contributions of the one-dimensional excitations to quantum corrections for the high-energy effective action are calculated in the large N limit using the character expansion method.
Introduction
One of the striking results of intensive studies of high-energy scattering in QCD [1, 2] is that the scattering amplitudes are related with two-dimensional field theory [3] . Recently H.Verlinde and E.Verlinde have formulated a simple model in which this twodimensional nature of the interactions is manifest [4] . They have also shown that their formulation is in agreement with known results from standard perturbation theory [1, 2] .
There are some questions concerning the Verlinde and Verlinde approach which we would like to address in this paper. First question is related with ultra-violet divergences and renormalizations. The Verlinde and Verlinde effective action which describes the transversal dynamics has a form of the two-dimensional σ-model. In spite of a non-convention form of this σ-model it is reasonable to expect that it is asymptotic free. But the β-functions corresponding to the 4-dimensional Yang-Mills theory and the two-dimensional σ-model numerically have the different forms. Namely, the 4-dimensional Yang-Mills β-function contains the factor π and β-function of the twodimensional σ-model does not. So one can expect that an additional renormalization comes from the longitudinal dynamics. This circumstance give us a raison to study the longitudinal dynamics more carefully. A treatment of longitudinal dynamics within the framework of the initial truncated Yang-Mills action is a main goal of this paper.
To analyze quantum corrections to the longitudinal dynamics and the corresponding renormalization we have to introduce some regularization. As a regularization we can introduce a lattice in x-space. Recall that one can deal with 4-dimensional lattice only in the Euclidean space-time. However, the high-energy effective action has been obtained [4] in the Minkowski space-time. The Minkowski signature is essential, since it permits to use the property of the two-dimensional wave equation. We would like to know does a similar action arise in the Euclidean formulation and what are its quantum corrections. For this purpose we study the lattice version of the truncated action. It turns out that the lattice version of the truncated action looks like the usual lattice version of the two-dimensional chiral model with non-trivial boundary conditions. An interaction between fields living on the transversal planes appears due to the boundary effects in the two-dimensional chiral model. The lattice two-dimensional chiral model with non-trivial boundary conditions cannot be solved exactly. One can consider the one-dimensional chiral model and analyze the form of the corresponding transversal effective action. As in the two-dimensional case we can speculate that the one-dimensional answer describes the contribution coming from long one-dimensional excitations. In other words one can estimate long tubes contribution to the quantum version ofVV effective action.
The paper is organized as follows. In section 2 we present a brief review of the Verlinde and Verlinde results and write down a lattice version of the truncated action. In section 3 we study the longitudinal dynamics for a model case then this dynamics is one-dimensional and calculate a leading term of the high-energy effective action for large N. We discuss the two-dimensional longitudinal dynamics in a concluding section.
2 Lattice Effective Action for QCD at High Energies.
Truncated Action
Since this paper is inspired by the recent H.Verlinde and E.Verlinde paper [4] , let us start from a brief presentation of their results. They are interested in the behaviour of scattering amplitudes in the kinematical regime where s is much larger than t, while t is also larger than the QCD scale Λ qcd . Introducing two light-cone coordinates x α = (x + , x − ) with x ± = x ± t and two transverse coordinates z i = (y, z), authors assume that two fast moving particles have very large momenta in the x ± direction, while they remain at a relatively large distance in the z-direction. They also use the hypothesis, according to which the typical longitudinal momentum of the dynamical modes in this process grows proportionaly to the centre of mass energy, whereas the typical size of the transversal momenta is determined by the momentum transfer. A similar assumption was used also in other approaches to high energy QCD [1] . The distinguished feature of the H.Verlinde and E.Verlinde approach is that the high-energy limit is taken directly at the level of the action.
Let us do this for the pure Yang-Mills model, described by
Here F µν is the non-abelian field strength,
where g is the coupling constant and τ a are the generators of the Lie algebra of the gauge group G = SU(N).
The main idea [4] is that by performing a rescaling of the longitudinal coordinates x α → λx α inside the Yang-Mills action (1), one can see which part will become strongly or weakly coupled when one looks at the theory at high longitudinal energies. The components of the gauge potential transform under this rescaling as A i → A i , while A α → λ −1 A α and the rescaled Yang-Mills action can be written as
Introducing an auxiliary field E αβ = −E βα one can rewrite (2) in the form
The description of a scattering process with some s and t using the standard action is completely equivalent to that using the rescaled action (3) with rescaled s to
where A is a scattering amplitude describing the process. One can use this correspondence and reformulate the high-energy limit s → ∞ in QCD as the λ → 0 limit of the rescaled theory (3) with
Therefore, high-energy scattering in gauge theories can be studied by means of the truncated Yang-Mills action
The auxiliary field E αβ can be integrated out yielding an effective theory describing the zero-curvature longitudinal gauge-field A α of the form
Here the group element V may still depend on all four coordinates 1 . Substituting (6) into the action S, one gets
At the formal level the longitudinal components A α are completely eliminated by a gauge transformation of
However if we consider an interaction of gauge fields with charged particles, then nonarbitrary gauge transformations at infinity are allowed.
Lattice Truncated Action
Another subtle question related to the limit λ → 0 is the problem of divergences. To avoid ultra-violet divergences one can put the theory on the lattice. Let us consider a lattice version of the rescaled action (2)
Here x are the points of the 4-dimensional lattice, α, β are unit vectors in the longitudinal direction and i, j are unit vectors in the transversal direction; 2 µ,ν is a single plaquette attached to the links (x, x + µ) and (x, x + ν), µ, ν = α, i. Performing the λ → 0 limit in the rescaled lattice theory (9) we get a lattice version of the truncated Lagrangian (7)
with U x,α being a subject of the relation
i.e. U x,α is a zero-curvature lattice gauge field
Substituting (12) in (10) we get
Eliminating V x by the gauge transformation
x,i V x+i we get the lattice version of the Lagrangian (9), i.e.
Let us denote the points of 4-dimensional lattice as x = (y, z), where y and z are the points of two two-dimensional lattices, say, y-lattice (longitudinal) and z-lattice (transversal). We see that the action (14) has a factorisation form
Here we restore for the moment a factor a D−4 , which is omitted in the previous formula since we assumed D = 4. The indices z and i play a role of isotopic indices. Let (L) 2 is a number of points of the z-lattice. Then we can say that we have 2(L)
2 -copies of two-dimensional lattice models. Each model describes the chiral field U y , attached to the sites of the two-dimensional y-latticẽ
If one forgets about subtlety with the boundary conditions then for trivial boundary conditions one can say that the free energy per unit volume of the model (14) can be represented as
Note that there is some similarity between λ rescaling and the high temperature limit of lattice gauge theory [7] , in the first case one makes a decomposition (2, d − 2) and in the second (1, d − 1).
The classical continuous limit of the action (16) gives the usual two-dimensional chiral model
Therefore, removing two-dimensional lattice by a → 0 limit in (14) one gets (L) 2(D−2) -copies of the two-dimensional continuous models.
To remove the y-lattice in the quantum version of the two-dimensional chiral model one has to perform the renormalization. In the one-loop approximation [5] one has
Note that to remove a lattice in the regularized version of the quantized Yang-Mills theories one has to perform the renormalization
with
Both theories are asymptotically free, but the renormalizations of coupling constants do not coincide. This means that taking the limit λ → 0 we drop diagrams which contribute to the renormalization of the coupling constant.
Note also that (14) does not give a usual 4-dimensional model in the limit a → 0 , since we have not an extra factor (a) 2 which would lead us to 4-dimensional continuous theory.
Let us compare the Lagrangian (14) with the Lagrangian (8) . Assuming that U x,i has a form U x,i = exp aA i (x ± , z) we reproduce (8) , since extra factor a 2 together with summation over the z-lattice produces the integral over the z-plane. At first sight there are no raisons to get propagator modes in the z-plane, since there are not the corresponding kinetic terms. The Verlinde and Verlinde have observed that a non-trivial dynamics in the transversal z-plane can be introduced due to non-trivial boundary conditions in the x ± -plane. Namely, they rewrote the action (7) as
and then expressed the right-hand side directly in terms of the asymptotic values for U and A i as follows
where the covariant derivatives D 
where M AB is the 2 × 2 matrix, M AB = 1 −1 −1 1 and the indices A (B) = 1, 2 are summed over. In [4] was argued that the matrix M AB should be regularized as
where
Note that to get the representation (24) one has to deal with the Minkowski signature. Working with the usual lattice approximation, i.e. dealing with the Euclidean signature one cannot get in the classical approximation an analog of the representation (24) typical for solutions of the wave equation.
One-dimensional Longitudinal Dynamics
Now let us discuss effects related with non-trivial boundary conditions in the action (15) . It is rather instructive to consider a model example of the one-dimensional ylattice. So, we deal with the following lattice integrals 
In (27) we have the product of the transition functions of the one-dimensional lattice chiral model. This correlation function can be calculated [6] using the characters expansion method,
where χ R and dim R = χ R (I) are characters and dimensions of the R's irreducible representation respectively. Here L ′ = L − 1. Z R are given by the following formula
The representation R of U(N) can be labelled by N integers r = (n 1 , n 2 , ..., n N ) with n 1 ≥ n 2 ≥ ... ≥ n n , where n i corresponds to the number of boxes in the i-th row of a Young tableau. The explicit expression for the character χ R (U) in terms of the eigenvalues e iφ k , 0 ≤ φ k ≤ 2π, of matrix U is given by the Weyl formula [8] 
where the quantities insides the det are to be viewed as the jk elements of a matrix M ik . However, for our purpose we need the explicit dependence on the matrix U rather than on its eigenvalues. Such formulas are given by the well-known Frobenius relation [8] between characters and symmetric polynomials,
where n is a number of boxes in the Young tableau corresponding to the representation R of SU(N), S n is the symmetric group on n objects. For a given permutation σ K σ is a total number of cycles and {k 1 , ...k j , ...k Kσ } are cycle lengths. In the right-hand side of (31) tr U is trace in the fundamental representation. For the first characters one find explicit formula in [9, 10] . The integrals Z R (29) for the characters corresponding to the single row Young tableau with n boxes can be written in the form Z (n,0,0,...) = dU 
Z 0 (Nβ, N) is nothing but the partition function of the Gross and Witten model [11] and it exhibits the phase transition
< tr U > , can be found from the relation
We have 1
The explicit representations for the first Z R 's can be found from the explicit representations (??)-(??) and the generating functional
The integral (39) defines the well known object, this is the partition function of the Brezin-Gross model which describes one link gauge field in the external matrix source [12] .
Let us examine the behaviour of Z R in the large N limit. Substituting the Frobenious relation (31) for the characters (31) in (29),
we see that different permutations σ give different powers of N in the integral over U.
The main contribution comes from σ with the most number of cycles, i.e. k i = 1 and
where d Yn is the dimension of the representation of symmetry group given by the Young tableau Y n and the factorisation property of correlation functions in the large N limit is taken into account. Note, that we used the Frobenius relation for SU(N) group and equation (38) for U(N), since we expect that this difference can be neglected in the large N limit. dim R being the character of the unit matrix also has the similar asymptotic behaviour for the large N
The explicit formula for 1/N corrections to (42) can be written in terms of the lengths n i of the Young tableau [13] . Therefore for n fixed we get
Note that (43) for largeβ, fixed n and large N is in agreement with well-known answer
Representing the sum over all representations in (28) as
where the second sum in (44) is taken over all representations whose Young tableaux are in the set of Young tableaux with n boxes, we have
Using the Frobenius relation once again we represent K(U 0 , U L ) for large N as
From this formula it is clear that the effective action describing an interaction of the field living on two infinite two-dimensional planes has all powers onŨ 0,z;iŨ + L,z;i . If we are interested in the first term of the effective action which is linear onŨ 0,z;i we can keep in (46) the permutation with cycles (1 n ) and we have
Dots denote the terms with higher power of U 0 U + L . Taking into account (42) at large N we have
Recall that the sum in (48) is taken over all Young tableaux with n boxes. Due to the relation
we have for the transition function
Therefore for the large N and small g 2 the transition function can be represented as
In the strong coupling regime we have
Substituting the representations for the transition function in (27) we get
for largeβ and
for smallβ. The constantZ 0 is different in the different regimes. It seems reasonable to assume that in the week coupling regime
Performing in the lattice effective action the limit a → 0 one immediately recognize an action similar to the action (24) with special form of matrix M,
i.e.
In this example the analog of quark-quark scattering amplitude is given by the expectation value of two longitudinal Wilson lines
The lattice version of (60) is simply
Concluding Remarks and Discussion
Let us make some comments about the 4-dimensional case. In this case the y-lattice is two-dimensional and we have to deal with the following lattice integrals
tr (Ũ y,z;iŨ + y+α,z;i +Ũ y+α,z;iŨ
In (64) we have the product of the transition functions of the two-dimensional lattice chiral model. If we assume the periodic boundary conditions in one of two longitudinal direction, say y 2 -direction,one can expect that for L 1 ≫ L 2 the main contribution comes from the one dimensional excitations, i.e. In the continuous version the contribution of long one-dimensional tubes apparently is still described by the action (57), in spite of the summation over y 2 in (65), i.e.
Equation (65) describes a rough approximation, however it gives a rather acceptable physical picture. This picture is in agreement with the Verlinde and Verlinde answer which is in accordance with perturbation calculations [2] and has the shock-wave [17, 18, 19] semiclassical interpretation [4] . Let us stress that the question about dominate contributions in (65) or in others words the question about the behaviour of non-linear σ model with non-trivial boundary conditions is rather complicated and without doubt it is worthy more attention.
The Lagrangians (14) and (7) show a relation between the 4-dimensional YangMills theory and the two-dimensional chiral model. A relation was expected long time ego and was motivated by the fact that the both theories have dimensionless coupling constant and both are asymptotically free. Note also that some similarity was expected between the usual local formulation of the two-dimensional chiral model and the loop formulation, i.e. dynamics of long tubes excitations in high-dimensional Yang-Mills theory [20, 21] . The Verlinde and Verlinde truncated action [4] together with the assumption (65) make this expected relation more tangible.
In concluding, it has been argued that consideration of quantum fluctuations of onedimensional excitations confirms the two-dimensional picture of high-energy scattering in QCD.
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